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Parallelism Identity Π(lnφ) = arctan(2)

Given. Let φ = (1 +
√
5)/2, so φ2 = φ+ 1 and φ > 1.

De�nition. The Lobachevsky parallelism function in H2 (K = −1):

Π(d) = 2 arctan(e−d). Equivalently: Π(d) = arccos(tanh d).

Claim. Π(lnφ) = arctan(2).

Proof via double angle formula.

Π(lnφ) = 2 arctan(e− lnφ) = 2 arctan(1/φ).

Using 2 arctan(x) = arctan
(

2x
1−x2

)
when x2 < 1:

x = 1/φ, x2 = 1/φ2 < 1. Since x > 0 and x2 < 1, the result lies in (0, π/2), so no branch

correction is needed.

2x

1− x2
=

2/φ

1− 1/φ2
=

2/φ

(φ2 − 1)/φ2
=

2φ

φ2 − 1
=

2φ

φ
= 2.

Therefore Π(lnφ) = 2 arctan(1/φ) = arctan(2). ■

Veri�cation via arccos form.

tanh(lnφ) =
φ− 1/φ

φ+ 1/φ
=

φ2 − 1

φ2 + 1
=

φ

φ+ 2
.

Since 2φ− 1 =
√
5:

√
5φ = (2φ− 1)φ = 2φ2 − φ = 2(φ+ 1)− φ = φ+ 2.

Therefore φ/(φ+ 2) = φ/(
√
5φ) = 1/

√
5, and

arccos(1/
√
5) = arctan(2). ✓

Both de�nitions give the same result. ■
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